Abstract. We give minimal simplicial maps h : S (not necessarily minimal) of Hopf invariant n. We use the notation S k v to denote a v-vertex triangulation of the k-sphere.
Introduction. Let f : S 3 ! S 2 be any map; we may assume it simplicial relative to some triangulations of S 3 and S 2 . Note that the pre-image, f À1 ðxÞ, of an interior point x of any 2-simplex of S 2 is a simple closed curve in S 3 and by using orientations of S 2 and S 3 a natural orientation can be assigned to it. As we know any simple closed curve bounds in S 3 ; so by subdividing S 3 suitably, we can choose a 2-chain S 2 (say) bounded by f À1 ðxÞ and orient all its 2-simplices such that the induced orientation on f À1 ðxÞ coincides with its natural orientation. In this way we get a homomorphism f Ã : H 2 ðS 2 ; f À1 ðxÞÞ ! H 2 ðS 2 ; xÞ, defined as f Ã ð½aÞ ¼ d Á ½b for some integer d. The number d is independent of the choice of the interior point x, it depends only on the homotopy class of the map f and is called Hopf invariant of the map f .
We know that any two maps from the 3-sphere to the 2-sphere are homotopic if and only if they have the same Hopf invariant. In this article we give, for each n A N, a simplicial map (from the 3-sphere to the 2-sphere) of Hopf invariant n and we observe that for n ¼ 1; 2 these are minimal simplicial maps.
We say that a simplicial map x : S [3] ) under which a circle maps to a point and at most two points of S 2 can be exceptional and all other points are ordinary. But in our constructions at most one point of S 2 will be exceptional. We first recall definitions of ordinary and exceptional points of S 2 for a given quotient map S 3 ! S 2 having only one exceptional point.
Ordinary points. Let f : S 3 ! S 2 be a map in which f À1 ðxÞ is homeomorphic to S 1 for all points x of S 2 and let D 2 denote the unit 2-disk in R 2 with centre at the origin. We say x A S 2 is an ordinary point or a regular point if there exists a neighbourhood U x J S 2 of x, and homeomorphisms 
We call a point x of S 2 an exceptional or a singular point of multiplicity n, for a given map f :
withh hðxÞ ¼ 0 which make the following diagram commutative.
A fiber corresponding to an exceptional point will be called an exceptional fiber.
Theorem. There exist minimal simplicial maps h; x : S Figures 1 and 2 .
We have proved in [2] that the map h is the minimal triangulation of the well-known Hopf fibration h : S 3 ! S 2 , so the map has Hopf invariant one. Now we shall give a minimal simplicial map x : S Construction of a minimal simplicial map of Hopf invariant two. As we wish to make simplicial maps in which the pre-image of each point of S 2 4 (it is the minimal triangulation of the 2-sphere) is homeomorphic to S 1 , so corresponding to four vertices of
there are four simplicial circles in S 3 and each will have at least three vertices. So at least 12 vertices are needed in S 3 to make a simplicial map of any non-zero Hopf invariant. Moreover it is interesting to know that any simplicial map S 
The second solid torus, N Figure 4 above) is isomorphic to, and will be identified with, the boundary of M 3 9 . It has thirty-six 3-simplices, twelve of them are
and the remaining twenty-four can be obtained from these by using the permutation a. Note that the solid torus N 3 12 is homeomorphic to G 2 under a fiber preserving homeomorphism, its middle fiber x À1 ðDÞ is exceptional of multiplicity 2. The simplicial map x : S given by X i 7 ! X for all X A fA; B; C; Dg is well defined, as under this map simplices of S have given simplices of x À1 ðCADÞ, in Figure 5 , explicitly and simplices of x À1 ðABDÞ and x À1 ðBCDÞ can be obtained similarly. The simplicial complex x À1 ðCADÞ consists of twelve 3-simplices, four of them are
and the remaining eight can be obtained from these by using the permutation a.
2. From here it is very clear that pre-images of AD, BD and CD are Mö bius strips bounded by x À1 ðAÞ, x À1 ðBÞ and x À1 ðCÞ respectively. In each case the middle circle of the Mö bius strip is x À1 ðDÞ. Further note that pre-images of AB, BC and CA are cylinders.
3. Here vertices A, B, C are ordinary vertices while the vertex D is an exceptional vertex of multiplicity 2. So in order to verify the Hopf invariant of the map x, we choose a 2-chain, in S It is clear from Figure 6 that the restricted map x : ðS 2 ; x À1 ðxÞÞ ! ðS 2 ; xÞ has degree G2, so the Hopf invariant of the map is G2 depending upon the choice of the orientations of S 3 and S 2 . Now we shall give for each n d 3, a simplicial map x : S In order to make a simplicial map x : S defined as X i ! X for all X A fA; B; C; Dg has Hopf invariant n.
